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Temporal effective medium for
programmable acoustic metamaterials
with multiple resonances
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We extend effective medium theory (EMT) to time-modulated, frequency-dispersive acoustic
metamaterials with multiple resonances. While previous studies focused on frequency non-dispersive
or single-resonance systems, advances in programmable materials now enable precise control of
time-varying resonances. We derive explicit averaging rules that account for the interplay between
resonant and modulation frequencies. When resonant frequencies are much lower than the
modulation frequency, modulating the resonant strength yields the temporal average of monopolar
susceptibility x, while modulating the resonant frequency results in the average of 1/x, applied per
resonance mode. In hybrid cases with both high and low-frequency resonances (relative to the
modulation) are present, the high-frequency resonances behave effectively as a frequency-
nondispersive background and can be averaged to yield their monopolar susceptibility contribution,
while the low-frequency resonance is averaged after renormalizing the wave equations by this
background. This generalized temporal EMT offers a unified framework for designing compact,
topological, or non-Hermitian acoustic devices, leveraging the possible programmability of time-

dependent material parameters in future.

Metamaterials, built from periodic meta-atoms, have enabled unprece-
dented wave manipulation, including negative refraction, superlensing,
and perfect absorption'™*"'"”. These materials with subwavelength struc-
tures are described using macroscopic parameters from effective medium
theory (EMT). EMT supports a two-step design process: first, defining the
desired effective medium profile; then, engineering the metamaterial to
realize it by either numerical effective medium extraction or analytic
formulas. This approach has further enabled many exotic wave phe-
nomena including invisibility cloak, super resolution imaging, wave
tunneling, amplification, sensing and beyond'*™". Recently metamaterials
have been extended to the time-varying regime, where time-varying
material parameters are used as a new degree of freedom for wave control.
Time-varying metamaterials enable four-dimensional modulation (x, y, z,
t)°*"*, giving rise to effects like temporal refraction, frequency conversion,
nonreciprocity, and momentum bandgaps™ . These developments have
spurred extensions of EMT into the temporal domain, typically requiring
modulation frequencies much higher than the signal frequency. Existing
formulations, however, mostly address non-dispersive or single-
resonance systems*' ™%,

A promising route for a fast temporal modulation in acoustics uses
meta-atoms with digital feedback circuits, enabling real-time tunability’**.
This method also supports modulation of generalized resonance types.
Similar to how complex electromagnetic dispersion can be modeled by
multiple Lorentzian resonances, digital feedback allows analogous imple-
mentations in time-varying systems. Although single-resonance temporal
EMT has been experimentally demonstrated*>”, a general framework for
multi-resonance systems remains undeveloped.

In this work, we extend the temporal EMT to encompass frequency-
dispersive metamaterials with multiple resonances, focusing on acoustic
systems for clarity and demonstration. By modulating different resonance
parameters, such as resonant frequency and strength, we derive effective
medium formulas that account for the interplay between resonant fre-
quencies and modulation frequency. Our results reveal that when resonant
frequencies are much smaller than the modulation frequency, modulating
resonant strength follows temporal averaging of monopolar susceptibility
directly, while modulating resonant frequency inverts this relationship,
producing reciprocal averaging, applied separately to each resonance mode.
These principles enable precise control over effective responses, even in
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hybrid regimes where some resonant frequencies are much higher than the
modulation frequency, these modes will suppress dispersion in the inter-
ested frequency regime, forming a frequency nondispersive background for
performing temporal averaging of the other remaining resonances. These
findings provide a foundation for understanding and designing temporal
metamaterials with fast modulation, with potential applications on com-
pact, topological, or non-Hermitian acoustic devices with tailored func-
tionalities achievable through time-varying material parameters.
Furthermore, the principles developed here can be extended to other wave
systems, opening new possibilities for programmable metamaterial design.

Results

Modulating resonant strength with two resonances

We begin with a one-dimensional spatially homogeneous acoustic medium
along x, where the material properties are modulated in time ¢ to generate
monopolar polarization M(x, t) in the surrounding air. The acoustic wave
propagation in this medium is governed by the following equations:

0, p(x,t) + p,o,v(x, 1) = 0, 1)

0,v(x, 1) + B9, (p(x, 1) + M(x, 1)) = 0, ®))

where p, and 3 are the density and compressibility of air, and p(x, t) and
v(x, t) are the pressure and velocity fields, respectively. We assume the
metamaterial possesses only monopolar responses, composed of several
resonant modes by M(x,t) = X;M;(x,t). Each monopolar response
M;(x,t) corresponds to the i-th resonant mode and interacts with the
pressure field p(x, t) according to a Lorentzian-type model:

O M (x, 1) + 2y,(1)0, M,(x, t) + wg,(DM;(x, 1) = a,(t) p(x, 1), (3)

where a,(t), wy;(t) and y,(t) the time-dependent resonant strength (with
units of squared frequency), resonant (radial) frequency, and linewidth of
the i-th resonance, respectively. When there is no temporal modulation and
all the resonance parameters are constant, the monopolar polarization M; is
related to the local pressure field p through M; = y,p where y; is the
Lorentzian static monopolar susceptibility @,/ (w3; — w? — 2iwy;). Then,
the total monopolar polarization becomes M = X;M; while the static
compressibility (relating p to p 4 M) becomes f = 1 + X;y,. We note that
Eqs. (1)-(3) are written in a way that 3 (also later (3 ¢) is dimensionless and is
defined in reference to the one of air. As shown in Fig. la, the three
resonance parameters (a;, wy;, y;) are modulated periodically with period T,
consisting of two phases. Phase A lasts for T (duty cycle &), during which
the parameters remain constant as (a;4, ®g;4, y;4)- Phase B spans the
remaining (1 — &)T with parameters (a,5, w;3, y;5)- For clarity, we focus on
monopolar polarizations with two resonances (i = 1,2), and cases with
more resonances can be derived from the findings for two resonances.
Figure 1b schematically depicts the static compressibility , and f3,
(B=1+x, +x,) each featuring two resonances in phases A and B,
assuming no time modulation. Our goal is to derive the temporal effective

medium formula for modulating these phases with duty cycle £ in terms of
B4 and Bg. The formulas vary significantly depending on which resonance
parameters (e.g., strength or resonant frequency) or their combinations are
modulated, and whether the non-dispersive limit is approached by having
the resonant frequency w, much larger than the modulation frequency 1/T.

Firstly, we consider the case where only the resonant strengths a, (¢)
and a,(t) are time modulated, while the other parameters w,; and y; remain
constant, as shown in Fig. 2a. To derive the temporal effective medium, we
assume the medium is homogenous and infinite along the x direction,
ensuring that the spatial propagation constant k remains unchanged across
different time interfaces. Substituting 0, with ik, Egs. (1)-(3) can be
rewritten as

0  k/B O i 0 i
klpy, O 0 0 0 0
, o 0 0o 0 —i 0 0
D=y =1 __@© o i -2y, 0 o |
0 o 0 0 0 @ —i
—iay(t) 0 0 0 iwl —2iy,

(4)

with the eigenstate vector y = (p,v,M;, —9,M;, M,, fath)T. The
temporal propagation matrix @, alternates between @, and &g, corre-
sponding to resonant strength a,,, a,, and a5, a,5 in phase A and B
respectively. In the two static cases as if there is no temporal modulation,
Egs. (1-3) can be solved time-harmonically and combined with the con-
stitutive relationship p + M = fp = (1 + x; + x,)p withM = M, + M,,
where 8 is the compressibility and y;, is the susceptibility relative to air for the
i-th resonance. This yields

A4/B
2 0 — diwv.
Wy, — w?* — 2iwy,

(%)

-1 -1 a1A/B
ﬁA/B =l+tXapthoap=1+ W3 — @ — 2iwy,

An example of the compressibility for two static phases is shown in
Fig. 2b, with blue and red lines representing phases A and B, respectively, and
solid/dashed lines indicating the real/imaginary parts. For phase A (blue),
the resonant frequencies are set as wy, /(27) = 1kHz, w,, /(27) = 1.5kHz,
with linewidths y,/w, = y,/wy, = 0.05. The resonant strengths are
a4 /w3, = ay4/w?, = 0.2.In phase B (red), the resonant strengths change
to a,5/w3 = 0.5 and a,5/w3, = 0.6, while all other parameters remain
constant. In the time-varying case, the resonant strengths switch between a,,
and a;5, which is indicated by the black arrows in Fig. 2b. Assuming the
modulation period T satisfies wT<1 and wy; T<1, the modulation fre-
quency is much higher than both the signal frequency (or eigenfrequency in
the medium) and the resonant frequencies. Under these conditions, the
overall temporal transfer matrix across one modulation period:

Fig. 1 | Schematic diagram of a time-varying (@ 4 ¢
metamaterial with multiple resonance modes.

a Each resonance i has a monopolar polarization M;

driven by pressure p, governed by Lorentzian-type

differential equations with resonant frequency,

strength and linewidth switching phases A and B, T
with modulation period T and duty cycle £ : 1 —¢&.

b Static effective compressibility 8, and B in phases ET)
A (blue) and B (red), assuming no time modulation,

0FM; + 2,30, M; + w§zM; = a;gp

OFM; + 2140 M; + wiiyaM; = ajap

with wy;4, wy;p and y,,, ;5 as the resonant fre-
quencies and linewidths for resonance i, respec-
tively. Solid (dashed) lines represent the real
(imaginary) parts.

'y mw > W

Frequency
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Fig. 2 | Modulating resonant strengths with two resonances. a Sketch of time-
varying metamaterials with two monopolar resonant strengths modulated over
period T'and duty cycle €. b Static compressibility 8, (blue) in phase A and f3; (red) in
phase B, with solid (dashed) line representing real (imaginary) parts. The parameters
are chosen as wy, /(2m) = 1kHz, wg, /(27) = 1.5kHz, a,, /w}, = a,,/w}, = 0.2,
ap/wl = 0.5, ay5 /W, = 0.6, y, /wy, = y,/wy, = 0.05. The black arrows indicate

the resonant strengths are being switched between phase A (with corresponding static
B in blue) and phase B (with corresponding static 8 in red) ¢ Effective compressibility
B extracted using the eigenmode approach (red and black dots), with a,(t)
switching between a,, and 4, and a,(t) switching between a,, and a,; (£ = 0.5).
Analytic results (red and black lines) are from Egs. (6) and (7). Modulation frequency:
1/T = 8kHz; other parameters as in (b).
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Fig. 3 | Time-varying metamaterial with modulated resonant frequencies.

a Schematic diagram of metamaterial with resonant frequency wy; switching between
wy;4 and wgz. b Static compressibility in phase A (blue) with w,, /(27) = 0.8 kHz,
wgp4/(2m) = 1.1kHz and in phase B (red) with w,,5/(27) = 0.9 kHz, w,z/(27) =
1.2 kHz. The black arrows indicate the resonant frequencies are being switched between

phase A (with corresponding static § in blue) and phase B (with corresponding static 3 in
red). ¢ Effective compressibility when modulating resonant frequency according to (b)
with duty cycle & = 0.5, with dots from the eigenmode approach (Eq. (8)) and lines from
Eq. (9). The resonant strength and linewidth are both constants: a, /(27)* = 0.5kHz?,
a,/(2n)* = 1kHz2, y,/(27) = y,/(2m) = 50 Hz.

exp(—iwp(1 — €)T) exp(—i@,&T) can be approximated as exp (—iqg T),
where @4 = Eb, + (1 — &)@y in the first order Taylor expansion of T.
Comparing to the form of Eq. (5) now promoted to effective responses, the
effective compressibility for modulating 4, is then given by

ﬂeff =1 +Xleff +X2eff' (6)

@)

The result corresponds to the temporal average of compressibility 5 or,
equivalently, the susceptibility y.

Alternatively, the eigenmode of Eq. (4) can be numerically solved using
the transfer matrix method. At a small eigenfrequency w, we can extract the
effective compressibility ,; and density p,q (relative to air) from the
eigenstate using the time-continuous fields p + M and v in our case as ref. 47

Xt = $X1a T (1= OX1ps Xoegr = Shoa + (1 = g

8 _ kp+M
eff_wpo v ’

_ kv ®)
Peff_wﬁop+M'

This approach is employed to generate all numerical results in the
following. As an example, we modulate resonant strength a,(f) with the
modulation parameters used in Fig. 2b with duty cycle £ = 0.5 and calcu-
lated the effective compressibility 8 4 marked as black and red hollow dots

for real and imaginary part against operational frequency w/(27) in Fig. 2c.
These results match well with the effective formula of time averaging y, for
each mode by Eq.(7) and thus obtaining the effective compressibility by
Eq. (6), as plot in black and red lines.

Modulating resonant frequency with two resonances

Following the case of modulating resonant strength a;, we now consider
modulating resonant frequency w,; while keeping a; and y, constant, as
shown in Fig. 3a. w; switches between w;, and w,; in phases A and B,
respectively. We still require w;4/5T<<1 in both phases. We note that
Eq. (4) is still valid even with time-varying resonating frequencies. This
allows us to approximate the effective propagation matrix using the lowest-
order Talor expansion: &4 = §w, + (1 — &)dp. The temporal effective
medium formula in modulating w,; can then be expressed again using Eq. (6)
but now the effective susceptibilities for each resonating mode are given by

Vi = /%14 + 0=/ x1ps Vot = &/Xoa + (1= O1/)ap )
where the static monopolar susceptibility in each phase is
a, a,
Xia/p = wglA/B — w? — 2iwy, Xoa/p = wgm/B — w? = 2iwy, (10)

Figure 3b shows the static compressibility for phase A (blue) and phase
B (red) as a function of operational frequency w/(27), with solid and dashed
lines representing real and imaginary parts, respectively. The resonant
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frequencies are w4 /(27) = 0.8 kHz and w,, /(27r) = 1.1 kHz for phase
A, and wy,5/(27) = 0.9kHz and wy,5/(27) = 1.2 kHz for phase B. The
resonant strengths and linewidths remain constant: a, /(27)* = 0.5kHz?,
a,/(2n)* = 1kHz2, y, /(21) = y,/(27m) = 50 Hz. After defining the static
compressibilities for the two phases, they are alternated with a duty cycle of
& = 0.5, which is indicated in the black arrows in Fig. 3b. The effective
compressibility 8, is numerically calculated using the eigenmode approach
and shown in Fig. 3¢ as black and red hollow dots for the real and imaginary
parts. These results align with the analytic predictions (solid lines) obtained
from Eq. (9), confirming the accuracy of the time-averaging approach for
1/x;. It is interesting to note that if we temporally average susceptibility
(rather than reciprocal susceptibility in these results), the Lorentzian shape
for each resonance cannot be retained.

Effective medium formulas with wy, T<1 and wy, T>>1

Thus far, we have presented modulation cases satisfying both wT<1 and
wy; T<1. While wT<1 is a necessary condition for the temporal effective
medium criteria, wy; T<1 is not. When both resonant frequencies w,, and
w,, are sufficiently large (wy; T>>1), the system approaches the frequency-
nondispersive regime. In this case, modulating a; allows the susceptibilities
to be expressed as x,, /5 = aya/p/w5 and X, /5 = ay4/5/ w5, With a;
scaling with w] to have non-zero y;. Although wT<1 still holds, the large
wy; T prevents the direct application of the first-order Taylor expansion.
However, if the resonant linewidth y; is sufficiently large, it can supress the
rapid oscillation of monopolar polarization M; triggered at each time
boundary and approach the new static regime. By examining Eq. (4) for
large w,;, the wave equations in phase A/B are now “renormalized” by the
frequency non-dispersive background to 2 and can be approximated as

k 1

k
i0,(p+M) = v gy ——
Pol+Xia/p + Xouss

Bo

which effectively reduces the propagation matrix @ in Eq. (4) from 6 x 6 to
2 x 2 and yields the temporal effective formula for time-varying modulation
amplitude a,(¢) at large w,;:

(p+M), (1)

1 &
VA Xpefr + Xoot 1 X1a +Xaa

1-¢&
L+ xp+ Xop

(12)

This result (B =14 X5 T Xaer) COrresponds to the temporal
average of 1/, as first investigated by Engheta et.al."" for non-dispersive
time-varying media.

After recognizing that effective medium formulas can be influenced by
the value of w;, we consider a hybrid case where wy, T<1 and wy, T>>1.
Under this condition, only y,, ; can be expressed as X, /5 = dy4/5/ w3,
through modulation of a;. Together with Eqs. (1)—(3), the original 6 x 6
eigenvalue problem (Eq. (4)) can be “renormalized” by the frequency non-
dispersive background (1+%2) to a 4 by 4 system:

0 k/B O i

k/py 0 0 0
D,y =ay, o=| "0 13
W= oy ST )
ia, (t) 2 ;
~ T,0 0 iwg, —2iy;

where now the state vector becomes y = (p + M,, v, M|, —BtMl)T. The
propagation matrix @, and @ correspond to the parameter pairs (a, 4, x,,)
and (a, 3, x,p), respectively. The overall temporal transfer matrix across one
modulation period exp(—iwg(1 — €)T) exp(—i@,&T) can be approxi-
mated by exp(—iwT) where @ = £, + (1 — €)@y, using the first-
order Taylor expansion. In this case, the effective y,.; can be obtained as

1 &
Lt Yoy 1+ 404

1-¢
1"‘)(237

Nieft  _ Sia (- E)XIB. (14)
Lt Xoer 1+ Xoa 1+ X5

As indicated by the (2,1) entry of @, the nondispersive component y,
is independently determined by the temporal average of 1/(1+ x,),
denotedas 1/(1 + y, ), where “” represents time averaging. In the absence of
X;» this aligns with the temporal average of 1/f3 for nondispersive systems.
For the dispersive component, Eq. (7) remains valid for the temporal
averaging of susceptibility y but now has to be normalized by the instan-
taneous nondispersive term (14 x,). Specifically, the time-averaged
X1/ +x,) vields x5 /(1 4 xpeq)> consistent with the (4,1) entry of @.
Here, y, can be regarded as the background susceptibility (zero in air,
assuming no y, contribution). The total effective compressibility then fol-
lows Beg = 1+ X, + Yot (EQ: 6)-

Figure 4 demonstrates the transition from one averaging formula to
another resulting from gradually increasing w,, with w,, fixed in the case of
time modulating resonant strength a;. The schematic representation is
shown in Fig. 4(a). Initially, when both w,; and w, are small (wy; T<1), the
effective compressibility .4 corresponds to the temporal average of 8
(equivalent y), as shown in the left panel of Fig. 4(b). A transition occurs
when resonant frequency wg, approaches the modulation frequency 1/
T =8 kHz. As w, continues to increase, 34 asymptotically converges to the
high frequency limit 1.85, as calculated from Eq. (14) (green dashed line),
shown in the right panel of Fig. 4(b). The effective compressibility S g
obtained from eigenmode approach (black solid lines) agrees with the
analytic results for both cases (wy, T<1 and wy, T>>1). The operational
frequency is fixed at 0.8 kHz and detailed parameters used are listed in the
caption. To further validate Eq. (14), Fig. 4(c) shows a scan of the operational
frequency from 0.5kHz to 1.5 kHz, with w,/(27) fixed at 30 kHz. The
eigenmode-extracted effective compressibility (green dots) exhibits excel-
lent agreement with the analytic predictions (green dashed lines) for both
real and imaginary parts, demonstrating the robustness of our temporal
effective medium formula across operational frequencies.

Finally, we shift to modulating resonant frequencies w,; with small w,;
(wg14/5T<<1) butlarge wy, (wgp4 /5 T>>1), as schematically shown in Fig. 5a.
In this case, we adopt the same approach as Eq. (13) to approximate @.¢ but
now @, and @y correspond to resonant frequency pairs (wg, 4, Wy,4) and
(wg; > Wgap)> Tespectively. The effective medium formula can be deduced to
satisfy Eq. (6) with

1 ¢

1-¢&
= +
Lt Yo 1+ Xoa

1+X23’

1 _§ a-9

Xieff _XlA X1B

(15)

Similar to the case of modulating resonant strength, the nondispersive
party,,is still governed by the time average of 1 /(1 + y, ). For the dispersive
component x,, however, the modulation now affects the resonant fre-
quency, as reflected in the (4,3) entry of @ in Eq.(13). This requires applying
Eq. (9) to the temporal average of 1/x, to obtain y, 4. As an example, we
modulate wy; between wy, 4 /(277) = 0.8kHz and w5 /(27) = 1.2kHz and
modulate w, between wy,, /(27) = 20kHz and wy,/(27) = 25kHz with
duty cycle £ = 0.5. Figure 5b, ¢ show the real and imaginary part of the
extracted effective compressibility ¢ by eigenmode approach, represented
by orange solid and hollow dots. These results agree well with the analytic
predictions from Eq. (15), shown as orange dashed line. For comparison, we
also plot the time average of  and 1/ as red and blue lines, both showing up
two resonant peaks.

Discussion
In summary, we have established a comprehensive framework for temporal
EMT in time-modulated, frequency-dispersive acoustic metamaterials with
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strengths alternate between a;, = 0.1w3, ,a;5 = 0.5w}, for a,(t) and a,, = 0.1w3,,
ay5 = 0.5w3, for a,(t) with £ = 0.5. The operational frequency and linewidths are
w/(2m) = 0.8kHz, y, /wy; = 0.1 and y, /wy, = 0.2. ¢ Effective compressibility at
varying operational frequencies with modulated resonant strengths a,(t) at fixed
wy, /(2m) = 30kHz with other parameters in (b). Green solid and hollow dots
represent the real and imaginary part obtained from eigenmode approach. The red,
green and blue dashed lines follow the same representations as in (b).

Fig. 4 | Transition from one averaging formula to another resulting from gra-
dually increasing w, with wg, fixed. a Conceptual picture of modulating resonant
strengths with one resonance (wj, ) shifting to high frequencies. b Phase transition of
a temporal metamaterial with time modulated resonant strengths a;(t) as w,
increases while fixing w,, /(27r) = 1kHz. The black solid line shows the effective
compressibility (8,) from numerical eigenmode calculations. Red and blue dashed
lines represent the temporal average of compressibility () and bulk modulus (1/8),
respectively. The green dashed line is the averaging formula from Eq. (14). Resonant
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wyya/(2m) = 20kHz and w,5/(27) = 25kHz with duty cycle £ = 0.5. The other
parameters are constant: a, /(27)* = 0.5 kHz?,
a,/(2n)* = 1kHZ%, y, /(27) = y,/(27) = 50Hz.

Fig. 5| Modulating resonant frequencies with wg, T>>1. a Schematic of modulating
resonant frequencies with wy; 4 /5 T<<1 and wy,4 3 T>>1. Real b and imaginary c part
of effective compressibility of time-varying metamaterial with w,, switching

between wy, , /(2m) = 0.8kHz and w,3/(27) = 1.2kHz and wy, alternating between
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Table 1 | Summary of effective medium formula for time-
modulated acoustic metamaterials with two resonances for
different modulation cases: B4 = 1 + Yqo + Xoesf

Modulation wo; T (wg; 1) Average Method
parameters or wo; T>>1(wg; 1)

ay, ap wot 4> oz { Xieff = X1: Xoeft = X2

a1, Wop Wor ¥ wop ¥ Xaett = X101/ Xoett = 1/X2
@o1> o2 Wo1 ¥, Wop ¥ 1/ Xert = 1/x1: 1 Xoers = 1/X2
o b 2 1 = A v~
Wo1, 82 wo1 |, wo T Vktet =1/ T = 11
W1, Wop wor ¥, w2 1 Vet = VX170 = 7o
ay, ap wor 1w 1 m:m

multiple resonances. Our findings, summarized in Table 1, reveal three key
rules governed by the interplay between resonant frequencies (w,;) and
modulation frequency (1/T). In the low resonant frequency regime, where
both resonant frequencies are much smaller than the modulation frequency
(wy; T<<1), the effective compressibility ., depends on whether the reso-
nant strength a; or resonant frequency w,; is modulated: temporal average
of monopolar susceptibility y;, denoted as (y;) for a; modulation and (1/y;)
for modulating w,;, with ¢ emerging as the sum of all contributions of y
following B = 1 4 X . + Xaer- On the other hand, when both resonant
frequencies are large (wy;T>>1), the system falls into the nondispersive
regime, giving rise to the temporal average of 1/(1 + y, + x,). Specially,
when we have a hybrid case where wy, T<1 and wg, T>>1, large w, (mode
2) will render y, nondispersive, making 1 + y, act as a background for
further averaging in time involving the first mode. In this case, we obtain the
effective susceptibility contributed by the second mode via the temporal
average of 1/(1 + x,), while the susceptibility of the first mode about y, is
treated by either averaging y, but with a scaling factor 1/(1 + y,), ie.,
(x,/(1 + x,)) for modulating resonant strength a, or averaging 1/x, for
modulating resonant frequency w,, , in accordance with the rule for the low
resonant frequency case. Although our analysis focuses on systems with two
resonances, the same principles can be extended to acoustic metamaterials
with three or more resonances by using the same systematic approach. We
note that the temporal effective medium formulas derived in this work
assume particular form of Lorentzian frequency dispersion while more
complicated forms of frequency dispersions need more investigations.
Moreover, beyond acoustics, these findings can be generalized to electro-
magnetic, elastic, and other classical wave systems, bridging temporal
modulation strategies with programmable metamaterial design.

Methods

Theoretical formulation of temporal EMT

The governing equations for acoustic wave propagation in time-modulated
media with multiple resonances are given by Eqs. (1)-(3). We formulate an
eigenvalue problem described by Eq. (4), where the overall temporal transfer
matrix across one modulation period: exp (—iwg(1 — €)T) exp(—i@,¢T)
is expanded in the first order Taylor expansion of T and can be approxi-
mated as exp(—iwe; T), where @4 = E@, + (1 — &)@g. The @, /p corre-
spond to the propagation matrix in phase A/B (regardless of whether
resonant strength, resonant frequency or both parameters are modulated).
From &g, we can derive the effective resonance parameters and obtain the
effective susceptibility y, for each resonance mode. The effective com-
pressibility 8 is then obtained through summation according to Eq. (6).
For hybrid cases where one resonant frequency can be much higher than the
modulation frequency, we truncate the propagation matrix from 6 by 6 to 4
by 4 before applying the first order Taylor expansion of T'to obtain & g. The
effective f 4 is obtained using the same approach.

Numerical eigenmode approach to obtain effective
compressibility

In the numerical approach, the modulation frequency is chosen as 1/
T'=8kHz which is much higher than the signal frequency. For a given
frequency w, the wave number k is obtained by iteratively solving the
eigenvalue problem: exp (—i@g(1 — &)T) exp(—iw,&T)y = exp(—iwT)y
at a fixed k, adjusting k until the eigenvalue matches the given w. The
resultant eigenstate y is then substituted into Eq. (8) to extract 3.4

Data availability
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